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Hamilton discovered the analogy between the wave-optics of Huygens and
the motions of a mechanical system subject to holonomic constraints and
subjected to forces that can be represented by a potential function.

This famous discovery has directed the progress of analytical dynamics
for a whole century.

Theories of light continued to develop. Cauchy was the first to set
the problem on the corresponding extension of the optical-mechanical
analogy. In this article we establish the analogy between the mathematical
theory of light of Cauchy and the stable motion of holonomic, conservative
mechanical systems [1].

Let us investigate a mechanical system subject to holonomic constraints.
Let us denote its independent generalized (holonomic) coordinates as
9y, «++, G, n is the number of degrees of freedom, Py, «++s P, are the
conjugate momenta.

For simplicity we will assume that the holonomic constraints are inde-
pendent of time, and the forces acting on the system are represented by
a potential function U(ql, .++» q,) independent of time.

Let
2T = X gij pip;
i,j
denote twice the kinetic energy of the material system under considera-

tion; under assumptions made, functions Rij= Rjj do not depend on time
t and may be dependent on the coordinates ¢ .

Hamilton’s partial differential equation has the form
v v
28G5 =20+ 1) (1)
ij i 99;

where h represents the constant of the kinetic energy.
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The complete integral of the Hamilton equation (1) is a function
U(qiy.-+rqn; & . . ., @5) + const,

satisfying equation (1) and depending on the constants a,, ..., @, none
of which is arbitrary:
| sz, | #-©

and the constant of the kinetic energy is some function of the constants

8q‘ oa;

h=h(ay, ... &)

According to the well-known theorem of Hamilton-Jacobi, the general
solution of the equation of motion is given by equations

vV oh oV
-——-,pi=—tr‘i+T“i (i=1,...,n) (2)
where Bi are constants.

Perturbed motions of the mechanical system are defined by different
values of constants a; and Bj'

In order to select from among the possible motions of a mechanical
system those which are stable with respect to the variables, under con-
ditions of perturbation of only the initial values, let us investigate
the differential equations for Poincare variations

dg; 8°H
d_t=2_(6qjap 4+ 6p 6p \
i

dn; H
a T ,.z(aqjaqt &+

\
@%m/ 3

where f', n; are variations of coordinates q; and of momenta p;, and
H=T-U

For a stable unperturbed motion, equations for Poincare variations
(3) represent a system of linear differential equations, reducible by
means of a nonsingular linear transformation of variables to a system of
linear differential equations with constant coefficients; all the
characteristic values of the system of independent solutions must be
equal to zero.

Variations of the coordinates and the momenta of those perturbed
motions that are defined by variations of constants B only, whilst the
a; values remain fixed, will have zero characteristic values, 1f the un-
perturbed motion is stable.

In such perturbed motions, because of equation (2)
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il 4 .
an{aq’ 3 (1=1,...,n) (D)

Hence, taking into consideration the explicit expression for H, we
have

_Ei ="Z & 6: (gi, 2; ) =) i=1,..,.n) (4)

Variables g; and constants a, appearing in the right-hand part of
equation (4), must be replaced by their values corresponding to an un-
perturbed motion.

For a stable unperturbed motion let equation (4) be reducible by a
nonsingular linear transformation

2= sty
i
with a constant determinant I = || Yij Il.

If ‘fir' eeer &€,.(r=1, ..., h) denote a normal system of independent
solutions of equatlon (4), then

Ziy = ;'ﬁ:’ Eir

will be the solutions of the reduced system. For a stable unperturbed
motion all the characteristic values of the solutions ("1r' ceey xm_) are
zero, as we have seen, and consequently

l2urd = C* = sl Vsl = T Cexp | 3} - (11 5 a

where C*, C are some constants different from zero. It follows from the
last relation that for a stable perturbed motion

S (815.) =0 (5)

As the functions g; j are defined by the expression for kinetic energy

2T = ) gi;p:P;

the principal diagonal minors of the discriminant || g..|| will all,
according to the theorem of Sylvester, be positive, ané consequently
equation (5) will be elliptic.

Let us investigate some twice differentiable function
O(—ht+V)

dependent on the complete integral ~ ht + V of the Hamilton-Jacobi partial
differential equation.
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For a stable unperturbed motion, because of (5), (1) and (2) we have

8 8V gV 2(U+4) 30
(gu aq; )—' Zaq (g*J >+ 2 8ii E};“g?‘ = L TN

and consequently
2(U +h) 80 3 [ %
E o an _256;(5"’ an.)
This wave equation establishes the analogy between the mathematical

theory of light of Cauchy and the stable motions of holonomic conserva-
tive systems.

1f, when integrating the Hamilton equation (1), the variables can be
separated, then conditions of stability similar to (5) could be written
down for each complete group of separated variables.
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